Abstract. In this paper we investigate the cocycle actions of non-commutative Bernoulli shifts for a countable discrete group G on the AFD II 1 -factor N = ⊗ g∈G M n (C) or ⊗ g∈G R, where R is the AFD II 1 -factor. We show that if G contains some non-amenable exact group, then the fixed point algebra of any its cocycle action is always atomic. We also give another proof of Popa's cocycle vanishing theorem [15] in this special case; We will show that if G has relative property T and contains some non-amenable exact group, then all unitary cocycles are cohomologous to characters. In our proof, Ozawa's theorem[11] and Popa's argument[16] play a crucial role.
Introduction
Let G be a countable discrete group. Then the left multiplication of G induces a Bernoulli shift action on the AFD II 1 -factor N = ⊗ g∈G M n (C) or ⊗ g∈G R, where R is the AFD II 1 -factor. In this paper, we will show that if G contains some non-amenable exact group, then the fixed point algebra of any its cocycle action is always atomic. It follows easily from Ozawa's surprising theorem [11] .
We will also give another proof of Popa's cocycle vanishing theorem [15] ; We will show that if G has relative property T and contains some non-amenable exact group, then all unitary cocycles are cohomologous to characters. We should note that in Popa's original proof, no exactness assumption is needed. Popa showed this theorem in a much higher generality. Our approach is a little bit different from Popa's proof. We shall adopt the argument in [16] [17] , where Popa showed his cerebrated strong rigidity theorem for malleable actions. More precisely, we shall use the argument in which Popa showed the uniqueness of group von Neumann subalgebras in the crossed product algebra. Let λ g (g ∈ G) be the canonical implementing unitary and u g ∈ N be a unitary cocycle. Then in the crossed product N ⋊ G, we have two group algebras, L(G) generated by λ g , and P generated by u g λ g . Hence Popa's argument is applicable.
We should also note that this cocycle vanishing theorem in the commutative algebra case is shown by Popa and Sasyk [19] .
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Main Results
First, we would like to state the theorem due to Ozawa.
Theorem 2.1 (Ozawa [11] , Theorem 4.7). Let G be a countable discrete exact group. Consider the Bernoulli shift action σ of G on the AFD II 1 -factor N = ⊗ g∈G M n (C) or ⊗ g∈G R, where R is the AFD II 1 -factor. Then, for any diffuse von Neumann subalgebra A ⊂ N, the relative commutant
The following is an immediate corollary of this theorem.
Theorem 2.2. Let G be a countable discrete group, which includes some nonamenable exact group. Consider the Bernoulli shift action σ of G on the AFD
Then for any cocycle actionσ of σ, the fixed point algebra Nσ is always atomic.
Proof. We shall give the proof only for the case N = ⊗ g∈G R. By assumption, we can find a non-amenable exact subgroup H ⊂ G. It is easy to see that the restriction of σ on H is conjugate to Bernoulli shift action of H on ⊗ h∈H R. Indeed, considering the right coset decomposition G = ⊔ i Hg i , we see that the restriction of σ on H is conjugate to the diagonal action of tensor product of the Bernoulli shift action of H, which is also conjugate to the Bernoulli shift action. Consider the crossed product M = N ⋊ σ G. We denote by λ g the canonical implementing unitaries in this crossed product. For any unitary 1-cocycle {u g } g∈G ⊂ N of σ, the cocycle relation u g σ g (u h ) = u gh immediately implies that the von Neumann algebra generated by {u h λ h } h∈H is isomorphic to the group von Neumann algebra L(H). (The isomorphism is given by λ h → u h λ h .)
Letσ g = Adu g σ g . Assume that the fixed point algebra N H by the cocycle actionσ of H is non-atomic. Let z be the maximal non-zero central projection of N H such that N H z is diffuse. Define a diffuse von Neumann subalgebra A = N H z+(1−z)N(1−z). Then, thanks to Ozawa's theorem, the relative commutant
But then, this injective von Neumann algebra contains a von Neumann subalgebra generated by {zu h λ h } h∈H , which is non-injective by assumption. This is a contradiction and hence, N H is atomic.
(Here we remark that for a non-amenable countable discrete group K, its group von Neumann algebra L(K) has no injective summand. Indeed, assume that there
, where τ is a canonical tracial state on L(K). Then φ is non-zero since φ(1) = τ (p) = 0. Moreover, we see that
Thus K has an invariant mean, contradicting the non-amenability.)
Since the fixed point algebra N G by this cocycle action of G is a subalgebra of N H , we conclude that N G is atomic. This completes the proof.
Remark 2.1.
(a) The above proposition does not hold for amenable groups; We can always find a cocycle action whose fixed point algebra is diffuse. This is a simple consequence of the classification theorem for amenable groups actions on the AFD II 1 -factor [1, 2] [6] [9] . Indeed, for example, consider the Bernoulli shift action σ of an amenable group G on the AFD II 1 -factor R. Then, thanks to classification theorem, σ is cocycle conjugate to σ ⊗ id on R⊗R, whose fixed point algebra is isomorphic to R. (b) For the case G = F 2 , the free group with 2-generator, we can always find a cocycle action whose fixed point algebra is "large". More precisely, consider the action σ of F 2 on a II 1 -factor N. (N may be non-AFD). Take a (non-unital, in general) n × n matrix subalgebra M n ⊂ N. Let {a, b} be generators of F 2 . Then, since N is a II 1 -factor, we can find unitaries u, v ∈ N such that Adu| Mn = σ a and Adv| Mn = σ b . It is easy to construct a unitary cocycle {u g } g∈F 2 satisfying that u a = u * and u b = v * . Then all elements of M n are fixed by the corresponding cocycle action.
Next we would like to give another proof of Popa's cocycle vanishing theorem [15] for the special case; Theorem 2.3 (Popa [15] ). Let G be a countable discrete group, which includes some normal infinite subgroup H such that the inclusion H ⊂ G has relative property T. Assume that G contains some non-amenable exact subgroup.
Consider the Bernoulli shift action of G on the AFD II 1 -factor N = ⊗ g∈G M n (C) or ⊗ g∈G R. Then all unitary 1-cocycles are cohomologous to characters.
We should emphasise that Popa showed this theorem without exactness assumption. More precisely, he showed this theorem for Connes-Størmer Bernoulli shifts of general relative property T groups. However we need this exactness assumption because we use the previous theorem.
Here we remark that this exact subgroup of G may have no relation with H in general. In particular, H may be non-exact. For example, let K be a property T group and let G = K × F 2 . (We do not know whether K has a non-amenable exact subgroup.) Then, the inclusion K ⊂ G has relative property T and G has a non-amenable exact subgroup F 2 . Hence G satisfies the above assumption.
For the proof, we would like to introduce some notations and follow the argument in [16] (the theory of malleable actions established by Popa). Take an R-action α on N⊗N such that (a) α commutes with the diagonal action of G on N⊗N, (b) α 1 is the flip automorphism, i.e., α 1 (x ⊗ y) = y ⊗ x for x, y ∈ N.
Since α t commutes with σ g ⊗σ g , α can be extended to the crossed product algebra
Let {u g } g∈G ⊂ N be any given unitary 1-cocycle of σ andσ g = Adu g σ g be the corresponding cocycle action. We denote by P the von Neumann algebra generated by {u g λ g ⊗ λ g } g∈G . Let Q be the von Neumann subalgebra of P generated by {u h λ h ⊗λ h } h∈H . Since G contains a non-amenable exact group, it follows from the proposition that the fixed point algebra Nσ is atomic. Hence we can find a non-zero minimal projection e 0 ∈ Nσ. Here we remark that e 0 commutes with u g λ g for any g ∈ G. The unique tracial state on (N⊗N) ⋊ σ⊗σ G is denoted by τ . The corresponding 2-norm is defined by ||x|| 2 = τ (x * x) 1 2 . The following three claims can be shown by using the proof of [16] Theorem 4.1(uniqueness of group algebra in the crossed product), "step 1", "step 2" and "step 3". We would like to include its proof for completeness. Here we remark that these facts have been already shown by Popa in [15] by the slightly different method.
Claim 2.4 (Popa [16] ). There exists δ > 0 such that for any 0 < t < δ, we can find a non-zero partial isometry w t ∈ N⊗N satisfying (a) w t x = α t (x)w t for any x ∈ Q, (b) w * t w t ≤ e 0 ⊗ 1 and w t w * t ≤ α t (e 0 ⊗ 1).
Proof. Since the inclusion H ⊂ G has relative property T, there exists a δ > 0 such that for any 0 < t < δ, we have 
Hence the unique || · || 2 -minimal point a t ∈ N⊗N of the weak-operator closed convex hull co w {α t (e 0 u h ⊗ 1)(u * h e 0 ⊗ 1) : h ∈ H} is non-zero. Moreover the left and right support of a t is dominated by α t (e 0 ⊗ 1) and e 0 ⊗ 1 respectively. Since
the uniqueness of a t ensures that
Thus, taking a polar decomposition of a t , we get the desired partial isometry.
Claim 2.5 (Popa [16] ). Take δ > 0 and w t ∈ N⊗N as in the previous claim. Then we can find a non-zero partial isometry w 2t ∈ N⊗N satisfying
Proof. First we shall show the following claim: Claim There exists an element g 0 ∈ G such that
Indeed, if this is not the case, we have
for any g ∈ G. Let h ∈ N⊗N be the unique || · || 2 -minimal point of co
Then h belongs to the fixed point algebra (N⊗N)σ ⊗σ = Nσ⊗1 and satisfies 0 ≤ h ≤ e 0 ⊗ 1. Since e 0 is minimal in Nσ, we have h = τ (h)e 0 ⊗ 1 = τ (w * t w t )e 0 ⊗ 1. Then we see that
This contradicts the fact that w t is non-zero. Hence the above claim holds.
for any x ∈ Q. Moreover, the left and right support of a 2t is dominated by α 2t (e 0 ⊗ 1) and e 0 ⊗ 1 respectively.
Let w 2t be the partial isometry part of the polar decomposition of a 2t . Compute
This completes the proof.
Claim 2.6 (Popa [16] ). We can find a non-zero partial isometry w 1 ∈ N⊗N satisfying
for any h ∈ H.
Proof. Let δ > 0 be as in claim 2.4. Take a positive integer n such that 1 2 n < δ. Then there exists a non-zero partial isometry w 1 2 n ∈ N⊗N as in claim 2.4. Then, applying (the proof of) the previous claim 2 n -times, we can find a non-zero partial isometry w 1 ∈ N⊗N satisfying w 1 x = α 1 (x)w 1 for any x ∈ Q. Letting
, we see that
Now we can give the proof of theorem 2.3. Take a sequence {h n } ∞ n=1 ⊂ H such that h n tends to infinity as n → ∞. Let U = {u hn } ∞ n=1 be an element of the ultraproduct von Neumann algebra N ω , where ω ∈ βN \ N is a free ultrafilter.
We remark that the sequence
is central. The von Neumann algebra N is the subalgebra of N ω in the usual way.
By claim 2.6, we have
(Here we consider that w 1 , U ⊗ 1, W ∈ (N⊗N) ω .) Since the right-hand side belongs to the commutant of N⊗1, for any normal state φ on N, we see that (id ⊗ φ)(w 1 )U ∈ N ω = N ′ ∩ N ω and hence (id ⊗ φ)(w 1 )(id ⊗ φ)(w 1 ) * = (id ⊗ φ)(w 1 )UU * (id ⊗ φ)(w 1 ) * ∈ N ω ∩ N = C.
Thus (id ⊗ φ)(w 1 ) is a scalar multiple of some unitary in N. Since we can take φ such that (id ⊗ φ)(w 1 ) is non-zero, there exists a unitary v ∈ N such that {vu hn } for any h ∈ H. It follows that u h ∈ C for any h ∈ H. That is, the cocycle {u h } h∈H coincides with a character χ on H. Then for any g ∈ G and h ∈ H, the cocycle relation ensures that
By the mixing property (consider the case h → ∞), it follows that u g ∈ C. Hence we have shown the theorem.
